Abstract. Edwards curves, introduced in 2007 by Harold Edwards, has been widely studied for cryptography applications by many authors.
Introduction
Recently, a new form of elliptic curve was proposed by Harold Edwards with a more suitable group law (in some sense) that those known on classical elliptic curves in Weierstrass form for cryptography use. A short overview of work about Edwards curves is as follows.
H. Edwards in [7] , by extending Gauss and Euler results, introduced a normal form of elliptic curves via the following equation x 2 + y 2 = c 2 + c 2 x 2 y 2 . This curve is birationally equivalent to an elliptic curve in Weierstrass form in the algebraic closure K of the base field K of characteristic not equal to 2. In his paper, an efficient group law was proposed for the new curve.
Bernstein and Lange in [3] , remark that in a field K not algebraically closed, their are a few elliptic curves that are birationally equivalent to classical Edwards curves. From then, they propose in [3] the first generalization of the form ax 2 + y 2 = c 2 (1 + dx 2 y 2 ) in order to have much more elliptic curves in a field K of char(K) = 2. They also pointed out the interest to use Edwards curve for cryptography and they introduces the Edwards coordinates in [6] in order to reduce the cost of computation in a field of char(K) = 2.
Bernstein, Lange and Farashashi in [6] , proposed two versions of Edwards curves over a field of characteristic 2 and stated a new group law. Theses curve are known as Binary Edwards Curves.
Hisil, Wong, Carter and Dawson in [12] introduce new algorithm in order to speed up computation in Twisted Edwards group operations and to protect against side channel attack based on simple power analysis (SPA).
Laxman and Sarkar in [17] , first show how to compute pairing in Twisted Edwards form. They use the birationally equivalence between twisted Edwards and the well known Weierstrass form to obtain a new version for Miller algorithm.
Ionica and Joux in [14] , proposed another approach to compute pairing in Edwards coordinates via a new intermediate curve, such that switched in Weierstrass form, they allows to use the well known addition law by short and tangent.
Aréne, Lange, Naehrig and Ritzenthaler in [1] proposed a new algorithm that allows to use Miller algorithm with fast computations. They stated also a geometric "direct" interpretation of the Twisted Edwards group law.
Hisil, Wong, Carter and Dawson in [11] study by comparing the lists of operations for the group law on Edwards, Jacobic quartic, and Hessian curves by designing a suitable generalization of Twisted Edwards curves.
In this paper, we have successfully proposed a Generalized Twisted Edwards curves over a field of Char(K) = 2 and we have also generalized in two different versions the Binary Edwards Curves.
In first section, as preliminaries, we give mathematical background for hyperelliptic curves.
In section 2, we propose a generalization of Twisted Edwards curve over a field of characteristic = 2.
In section 3, we propose a generalization of Binary Edwards curves.
Mathematical Background
In this section, we recall the basic definitions and notations that we use in next sections. Someone familiar with the concepts of curves may skip this section.
We consider a curve over a perfect field K as a projective variety over K of dimension 1. For definition of projective varieties and their dimension, the reader can find basics notions in [23] .
A curve C over K admits a affine part which can be represent as a irreducible polynomial F (x, y) over K [x, y] and then, the affine part of the curve become F (x, y) = 0. Let (x 0 , y 0 ) ∈ C, we say that C is singular at P ∈ C if and only if ∂F ∂x (x 0 , y 0 ) = ∂F ∂y (x 0 , y 0 ) = 0. And we say that C is smooth or nonsingular at (x 0 , y 0 ) ∈ C if and only if C is not singular at (x 0 , y 0 ). To study curves and more generally varieties, we need a birational map that we use in this article in several time. Before defining it, we recall that a morphism between two varieties is a map that is compatible of the structure of the varieties.
Let A and B be two varieties over a perfect field K, a birational morphism of A to B is a morphism ψ : A → B with a dense open subset U of B such that ψ −1 (U ) → U is an isomorphism. Definition 1.1. Let C be a smooth curve of a field perfect K, a Weierstrass equation of C is an affine model given by the form:
where f, g are polynomial with coefficients in K, f is monic and deg(h) ≤ (deg(f )−1)/2 , (where . denote a floor function for some integer).
Note that if degree(f ) = 2g + 1 or degree(f ) = 2g + 2, then degree(h) ≤ g. The integer g is unique and is an invariant of the curve C (see Riemann-Roch theorem in [23] ) and is call the genus of the curve. A curve which is a smooth variety of genus 1 is call elliptic curve and a curve which is a smooth variety of genus ≥ 2 is call hyperelliptic curve.
For char(K) = 2, put y = y − h(x)/2 and then, the hyperelliptic curve C becomes
, where degree(f 1 ) = degree(f ) so we denote C : y 2 = f (x) instead of y and f 1 (x). We would discuss specifying the degree of f and we have the following Lemma: Lemma 1.2. Let C : y 2 = f (x) be an hyperelliptic curve over a field K of characteristic = 2. Then:
(i) If degree(f ) = 2g + 2 and there exists a ∈ K such f is divisible by x − a, then C is birationally equivalent to a curve C 1 :
, where degree(f 2 ) = 2g + 2 and f 2 (0) = 0.
Proof : easy
Generalized Twist Edwards Curves
Definitions and notations 2.1.
In this section, we introduce, in characteristic = 2, a new family of curves which generalizes to hyperelliptic curves, the known one on elliptic curves with Edwards forms.
Let K be a field of characteristic p = 2 and K [t] be the ring of polynomial over K.
be a quotient ring by the ideal generated by the polynomial P (t). Put δ = t + (P (t)) ∈ A then δ 2 = αδ+β, and every element z ∈ A can be written in a unique way by z = (x, y) = y+δx (be careful to this double notation).
Let z i = y i + δx i ∈ A, i = 1, 2, then we have the following formulas for addition and multiplication for z 1 and z 2 :
For z = (x, y) ∈ A, the existence of inverse of z is given by equation:
, z 2 and z in the ring A and furthermore zϕ(z) = zz = y 2 − βx 2 + αxy.
(1) A is the field of complexes numbers and zϕ(z) = zz = 0 iff z = 0 (2) every non zero element z in A is invertible with inverse
In the next, we suppose that A is a complex number field. An element z ∈ A is invariant under ϕ iff z = ϕ(z) = z or equivalently y + δx = y + αx − δx ⇔ x = 0. Then all points of the forme (0, y), wit y ∈ K are invariant under ϕ. Note that zz = y z y z + βx z x z . Definition 2.3. Let K be a field with characteristic different to 2 and let α, β, z and z as above and denote ∆ = α 2 + 4β. Let c, d be elements of K with d and ∆/d are not square in K. The generalized Twisted Edwards curves with coefficients α, β, c and d is the affine curve
or equivalently:
Example 2.4. Suppose that K = R and put α = 2 and β = −4, then ∆ = −12 and C : y 2 + 4x 2 + 2xy = 1 − x 2 (y 2 + 2xy) that we draw:
Remark 2.5. (4) is invariant under the involution map ϕ, i.e. if P (x, y) with z P = y + δx is in E G then P with z P = z P = y + αx − δx is also in E G .
where K is the algebraic closure of K. Hence, these particular Generalized Twisted Edwards curves are irreducibles and includes Twisted Edwards curves as particular cases, if α = 0.
By equation 7 we have
we consider the following two cases. 1 st case: deg x u 1 = 0 then u 1 is a non trivial polynomial which divides u 1 v 1 by equation
Hence in this two subcases, u 1 is a non trivial polynomial and divides v 1 . Thus, by equations 6 and 8 we deduce that U and V are not coprime which is impossible. 2 nd case:
Thus by 10, we see that u 1 is a non trivial polynomial and divides v 1 . Thus, by equations 6 and 8 we deduce that U and V are not coprime which is impossible.
We conclude that Z(x, y) is irreducible over K.
x 2 + V (x) has no double roots in K[x, y], then the curve E G defined by:Z(x, y) = 0 is non singular. Hence, these particular Generalized Twisted Edwards curves are non singular and includes Twisted Edwards curves as particular cases, if α = 0.
Proof: Suppose that there exists P (x, y) which verifies Z(x, y) = 0 and the partial derivative dZ(x,y) dy = 0 and dZ(x,y) dx = 0, hence we have:
Using (F 1) and (F 2) and the fact that U (x) = 0 on E, inéquation (F 3), we have : Since Z is irreducible in K[x, y] by proposition 2.6, then
is an domain where E G is the affine (variety) curve defined by: If we homogenizes the affine previous curve, on the projective plane P 2 (K), we have the projective closure of E G :
The points at infinity are the points of E Proof : Since we are in characteristic = 2, the equation (4) can be written as
Put the following birational change of variables:
Then the equation (4) become
where the coefficients a i are given by formulas:
We can suppose that a 5 is a square in K for example if we choose β = −2c 
Generalized Binary Edwards Curves
In this section, we work with a field K of characteristic two. We keep the same notations and formulas that in definitions and notations 2.1. In this part, we put β = 1 ∈ K then P (t) = t 2 + αt + 1 (α = 0) and P (δ) = 0 ⇔ δ 2 = 1 + αδ. We have:
Observe that if α = 0, then ϕ = Id A which is the case in binary Edwards curve. Let s : A → A, z = y + δx → s(z) = z s = x + δy be a new bijective involution on A which is a group homomorphism on (A, +) but not a ring homomorphism. An element z = y + δx is invariant under ϕ iff x = 0. An element z = y + δx is invariant under s iff x = y. Now put ψ = ϕ•s•ϕ : A → A, then ψ is an involution on A and is also a group homomorphism on (A, +). Put z = ψ(z), then z = x + α(y + αx) + δ(y + αx).
If α = 0, then ψ = s and we retrieve the involution used by Bernstein, Lange and Farashashi [4] .
Note that z = (x, y) is invariant under ϕ (i.e. z = z) iff y = (1 + α)x. With z = (x, y) and z = (y + αx, x + α(y + αx)) we have the following relations:
According our remark in section 2, these following Expressions (11) and (12) are invariant via ψ : z → z. Denote T 1 = x z x z , T 2 = y z y z , T 3 = x z + x z , T 4 = y z + y z and T 5 = x z y z + y z x z and consider
The equations:
correspond to the following curves relatively to A.
The equations (13) and (14) can be rewrite by the formulas:
In the following we put in the above equations c 1 = 0, c 2 = c 3 = 1 Definition 3.1. Let K be a field with characteristic two. Let α, d 1 = 0, d 2 = 0 be in K, the Generalized binary Edwards Curve (GBEC) are the affine curves define by the equations:
Remark that, we have two Generalized binary Edwards curves which are non birationally equivalent. If the point P = (x, y) with z P = y + δx lies in these curves then P with z P = z P = ψ(z P ) lies in these curves and all points (x, (1 + α)x) fixed by ψ are in these curves. [?] ) over field K, charc(K) = 2 are of the form: (BEC)
1) Binary Edwards curves(in
that we can rewrite in the form:
The curve involution for this two versions are P (x, y) → P y, x) 2) The above Generalized Binary Edwards curves over field K, charc(K) = 2, are of the form: -1st version: we have the curve equation (GBEC1)
that we can rewrite:
-2nd version: we have the curve equation (GBEC2)
All these 2 curves (for α = 0) are particular cases of the following curve: (1) of Type1:
is not a square and
(2) or Type2:
Proof
(1) For Type1, put: G(x, y) = d 1 (1+α)x+y +d 2 αx 2 +αy 2 +α 2 xy = (xy+αx 2 ) 1 + (1 + α)x + y + xy + αx 2 then we have 1 which contradicts the fact that (d 2 α 2 + 1) is note a square.
• For (1 + α)x 1 + y 1 = 1 ⇐⇒ y 1 = (1 + α)x 1 + 1, we have y 2 1 = (1 + α 2 )x 2 1 + 1 and
1 + x 1 thus by curve equation G(x 1 , y 1 ) = 0, we deduces that:
(2) For Type2, put: H(x, y) = d 1 (1+α)x+y +d 2 (1+α 2 )x 2 +y 2 = (xy+αx 2 ) 1 + (1 + α)x + y + xy + αx 2 , then we have Proof : we only proof this theorem for curve (15) . Use the formula (13) and put the change of coordinates x = x z and y = x z , so y z = y + αx and y z = x + αy . Then the equation (13) become: α(x 2 + y 2 + αx y ) = α + c 2 x y (c 3 + x + y + x y ). Put a second change of w = x + y + 1, then y = w + x + 1. So we have:
Put a third change of variables T = x and z = w α + c 2 x + c 2 x 2 then x = T and w = z/(α + c 2 T + c 2 T 2 ). So the last equation become: In this situation too, we can put θ −1 2 (P ∞ ) = (0, 1).
